In order to study the loss of root stones under action of water flow in dam buttress, based on Flow-3D, a mathematical model was established. At first, the physical experiment was carried out about water drag force on a 0.04 m×0.04 m×0.04 m cubic block. And then a numerical flume model about this experiment was established in Flow-3D software. The values of drag force were compared between the numerical and experimental results, and the percentage of error was less than 5%. Thus, the numerical model in Flow-3D was accurate and available. Then, a numerical simulation on root stones loss in an actual dam buttress project was carried out. Since the actual flow is turbulent, the RNG − turbulence model was used. And VOF method, FAVOR technology, and GMO model were also used in this simulation. The numerical results showed flow depth, pressure, velocity, turbulent energy, and root stones loss. Because water level of the inflow increased with time continuously, flow depth and velocity also increased, and the root stones would be lost. The increase in flow velocity was the fastest in the dam head, and the start time of root stones loss was also the earliest. The most serious area of root stones loss is the dam head, and the serious second area is the upper cross corner. Those root stones would have the farthest lost distance in the dam head. The root stones loss was also serous in the upstream face. However, the root stones in the upstream face and the down cross corner were less affected by water flow, so there were no root stones loss phenomena. Thus, in the actual project, the dam head, the upper cross corner, and the upstream face should get more attention.
Introduction
Dam buttress is the river control work that resists the water flow to erode the embankment directly. Dam buttress is the important part of the Yellow River flood control structural systems. In the river training works of the Yellow River, we always scatter stones at the bottom of the dam, the buttress, and the riverbank. These stones are called root stones. Root stones will withstand the impact of the water flow to protect the dam buttress, and they will be washed away. The stability of the dam buttress engineering can directly affect the safety of the embankment, but the stability of the dam root stones can directly affect the safety of the dam buttress. In the actual engineering, parts of the dangerous works are not designed completely, but they were achieved during the flood season by continuously slipping, grabbing, and protecting. When these dangerous works are washed strongly by deflected current and swirl flow, the dam root stones will be lost. If the root stones loss is serious and not discovered and rescued in time, there will be some dangerous omens, such as cracking, collapsing, pier sting, or slipping, which will eventually cause the risk of dam.
At present, the main studies on the root stones loss are the root stones detection in the actual engineering and corresponding physical experiment. Zhang et al. [1] carried out a physical model on several different measures to protect root stones, analyzed advantages, disadvantages and applicable conditions of several measures, and put forward a measure of using nets to protect root stones which provided technical support for the regulation of the root stone slope 2 Mathematical Problems in Engineering protection in the actual project. Zhang [2] calculated the calculation formulas of different scouring pits and compared the calculation results with the results of model test. Then, he analyzed the adaptability of each formula under different working conditions, observed the root stones of different parts of spur dikes, and got the laws of root stones loss with the formation of scouring pits in spur dikes and the reasons for the root stones loss. Gou [3] established the physical model about the root stones loss, derived the force calculation formulas of natural river root stones loss, and got the result that the critical starting dimension of root stones increased with the increase in sediment concentration and water flow velocity. Zhang et al. [4] pointed out that the root stones loss is closely related to the characteristics of the dam bank, the formation of the scouring pit, the starting velocity of root stones, and the slope of root stones according to analyzing the root stones detection data of 60 dangerous dam buttress sections in Jinan City from 1997 to 1999.
Because the Yellow River is the high sediment flow, and the root stones detection technology is limited at present, the deformation and the range of the influence of root stones loss are most still in the empirical judgment [5] [6] [7] . At present, the physical experiments on the analysis of rock masses subjected to water flow force have achieved obvious results, such as the study of broken rocks [8] , bank revetment blocks [9] , flood-submerged bridges [10, 11] , and sandbags in the process of throwing water into the water [12] . Numerical simulation has been widely used in engineering [13] [14] [15] , especially the flow characteristic [16, 17] . The FLOW-3D software also plays an important role [18] [19] [20] [21] [22] . Root stones loss is actually a large granular displacement problem under the impact of water flow, which is essentially a fluid-solid coupling motion. Because of the consideration of the flow change and root stones movement, the turbulence model and the GMO model are selected to get more accurate results in the FLOW-3D. And because the empirical judgment is not largely inaccurate and the root stones detection is dangerous and wasteful in the actual engineering, however the numerical simulation can get accurate results and save great amount of manpower and material resources. Only a few people have done this type of numerical research on the root stones with FLOW-3D software, so this research is innovative. And the results of numerical simulation can be used as the actual engineering references.
Materials and Methods
. . Continuity Equations. FLOW-3D software uses the Navier-Stokes equation as the control equation of incompressible fluid motion and uses rectangular grid cells to divide the computing area. The unique software FAVOR technology [23] adds area fraction and volume fraction in the calculated model equation. The model formula is based on Cartesian coordinating system. Continuous equation:
Momentum equations:
where , V, are the current velocity components in , , direction, respectively; , , are fractional areas open to flow; , , are body acceleration values in , , direction, respectively; , , are viscous acceleration values in , , direction, respectively;
is fractional volume open to flow; is density of the fluid; and is pressure field.
. . Turbulence Model. FLOW-3D offers some turbulence models, such as normal turbulence models, − turbulence model, and RNG turbulence model. RNG − turbulence model is widely used in the simulation of complex water flow [24, 25] . This model is proposed by Yakhot and Orszag [26] , which is the unsteady N-S equation. The resulting equation is the same as − turbulence model. However, the RNG turbulence model is the most accurate model in FLOW-3D software [27] , and the features and advantages of RNG − turbulence model are over other − models [28] . So RNG − turbulence model was used in this paper. The governing equations of the turbulence model are as follows:
Turbulent energy equation:
Turbulent energy dissipation rate equation:
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where is turbulent energy; is turbulent energy dissipation rate; is turbulent kinematic viscous coefficient, . . VOF Method. The VOF (volume of fluid) method is the method of tracking free surface proposed by Hirt and Nichols [29] . The VOF method is employed in FLOW-3D, and it consists of three main components: the definition of the volume of fluid function, a method to solve the VOF transport equation, and setting the boundary conditions at the free surface. The VOF transport equation is (8) . The interpretation of F depends on the type of problem being solved. For a single fluid, F represents the volume fraction occupied by the fluid. Fluid exists where F=1, and void regions correspond to locations where F=0. And for two-fluid problems, which may be composed of two incompressible fluids or one incompressible and one compressible fluid, F represents the volume fraction of the incompressible fluid component in either case.
. . FAVOR Technology. FLOW-3D uses FAVOR technology (Fractional Area/Volume Obstacle Representation) to define the calculation area, and this technology was proposed by Hirt and Sicilian [30] . This method computes the open area fractions of the cell faces along with the open volume fraction and reconstructs the geometry based on these parameters. This approach offers a simple and accurate way to represent complex surfaces in the domain without requiring a bodyfitted grid. FAVOR technology adjusts the object geometry according to the calculation results and can describe complex geometric models by using simple rectangle grid [31] . However, FAVOR is affected by the resolution of the computation, as shown in Figure 1 . This is because the preprocessor generates area fractions for each cell face in the grid by determining which corners of the face are inside of a defined geometry. If all four corners of a cell face are inside the geometry, then the entire face is defined to be within the geometry. Similarly, if all corners lie outside, then the entire face is assumed to be outside the geometry.
. . GMO Model. The basic principle of root stones loss is the fluid-solid coupling motion under the action of water flow. The GMO model is used to calculate the moving object in FLOW-3D. The GMO model allows the object to collide during the movement. The collision is thought to occur instantaneously. The collision model is divided into two parts: collision detection and collision integration. In the process of calculation, the collision is detected and the latter series of collision equations will be integrated. Collision can be divided into perfect elastic collision, partial elastic collision, and complete plastic collision based on collision coefficient. The model also provides the setting of object friction coefficient. Figure 2 provides an illustration about the experiment. Figure 3 shows the process of water-level rises. And the experiment begins when the water level is 0.25 m.
Establishing a simple numerical sink model as shown in Figure 4 : the sink model is 3 meters long and 0.6 meters wide. There is a 0.04 meters long fixed cube block in the middle of the tank. The inlet flow rate is shown in Table 1 ; the east, west, and bottom boundary conditions are wall; the outlet boundary condition is free flow; the atmospheric pressure above the calculation area is a standard atmospheric pressure. The grid is 0.01 m × 0.01 m × 0.01 m rectangular structured grid, and the total number of grids is about 660,000. The gravitational acceleration is -9.81 m/s 2 .
. . Analysis of Results.
There is comparison between the numerical and experimental results about drag force in Table 1 and Figure 6 . Evett and Liu [32] thought that when the Reynolds number / = Re > 1000, the object aspect ratio was 1.0, and the drag force coefficient C = 1.05. The equivalent particle size of the mass is = 0.124 m [33] . The shape Reynolds number of the block in different velocity conditions is shown in Figure 5 . Figure 6 shows the drag force of experimental value and calculated value. The simulated value is slightly larger than the experimental value. But their percentage of error is 4.15%, so this means that the established model on the drag force calculation is accurate.
Results and Discussion
. . Engineering Case. Shundi control and extension project is in Yongji City, Shanxi Province, China, as shown in Figure 7 . In the actual project, the slope protection of root stones is the accumulation body. The accumulation form is varied and complex. In this paper, we study the root stones loss under the action of water flow and select the single row root stones around the dam buttress. As shown in Figure 10 , the single row root stones are evenly distributed in the extension of the root stones slope protection. The root stone is a cube whose diameter is 50 cm and density is 2700 kg/m 3 . The dam buttress is divided into upstream face, upper cross corner, dam head, and down cross corner, and the root stones in these areas are marked with different colors.
. . Model Meshing. Import the built entity model into the FLOW-3D software. And the structured rectangular meshes are used to divide the model as shown in Figure 11 . The length of the calculation area is 190 m, the width is 35 m, the height is 2 m, the grid size is 0.25 m × 0.25 m × 0.25 m, and the total grid number is about 1.1 million. To control the stability of the flow at the outlet, two tail piers are added at the end of the calculation area to control the flow of water. The gravitational acceleration in the calculated area is set to -9.81 m/s 2 .
. . Moving Root Stones Properties Setting. In the GMO model, the root stones movement is set under the action of water flow. The collision and friction between root stones is considered in the calculation process. The friction factor of the root stone and the bottom is 0.4 [34] considered to be the friction of the riprap basement and silt sand foundation soil. The collision coefficient is 0.1. The density of the root stone is set at 2700 kg/m 3 . Each root stone is set to have six degrees of Monitoring 5 freedom. The root stone movement form is coupled motion, so root stones can move or even roll with the water flow. The root stones movement can also affect the change of the flow regime.
. . Boundary Conditions and Monitoring Point Settings.
Conditions setting: according to the relative water level of the actual project, the bottom of the river bed is set as the reference surface. So the elevation is 0 m, the construction water level is 0.5 m, and the design flood level is 1.84 m. The depth of the entrance boundary is set from 0.5 m to 1.84 m within 300 s and then maintained at 1.84 m. The outlet boundary is set as outflow boundary. And the volume flow rate of inflow and outflow can be seen in Figure 12 . The two walls and the bottom are set as wall boundary. Above the calculation area is a standard atmospheric pressure. The calculation time is 360 s.
In order to compare the water flow calculation results in different areas, the monitoring points are set around the dam buttress as shown in Figure 13 . The information on water flow such as flow velocity in the calculation is extracted and analyzed. The coordinate position of each monitoring point is shown in Table 2 . Figure 14 shows the flow pattern and stream lines at different times. The water flow rate is calculated with the increase of the water level at the entrance boundary. In Figure 14 (a), the water flow passes through the dam buttress at t = 50 s. When the water flow passes though the upstream face, the direction of stream lines is changed. Due to the narrow beam role of the dam buttress, the water flow is squeezed and flows along the dam body. The flow rate is gradually increased along the dam body, and the water flows into the dam crotch. At t = 150 s, the flow velocity in the dam head is obviously changed, and this flow velocity is the largest in the calculation area. The water flow is divided into two parts after passing though the dam head. Part of the water flows to the side of the dam and flows downstream, while another part of the water flows around the dam head and into the dam crotch. Because of the increase of the flow velocity, the water flow is affected by the centrifugal force and forms a counterclockwise whirlpool in the down cross corner. At t = 250 s, the part of root stones movement causes a significant effect on the water flow. And there is a complicated vortex in the dam crotch, which causes the root stones to move in the connecting dam section. At t = 350 s, the water depth of the inflow boundary reaches the design flood level, and the water flow has been over the top of the first Mathematical Problems in Engineering slope protection of dam buttress root stones. Some root stones accumulate in the down cross corner, and the accumulation of root stones reduces the rate of water flow in the dam crotch. The accumulation of root stones directly affects the spread of the water flow in the dam crotch, so it is difficult to observe the whirlpool in the dam crotch. Figure 15 shows the pressure of the water flow, and Figure 16 shows the water depth. At t = 50 s, the lowest pressure is generated in the area in front of the first dam buttress, and the pressure is close to 0. The pressure is close to 1500 Pa in the other area. And the water depth is 0.5 m in the whole simulation area. At t = 150 s, the lowest pressure is generated in two areas. One is in front of the first dam buttress, and the other is in front of the second dam buttress. But in the dam head, there are small areas where the lowest pressure is generated. Because the water level rises, the water depth is deeper. In the first dam buttress, the water depth is close to 1 m in the upstream face and the upper cross corner. But due to the narrow beam role of the dam buttress, there is a height difference in the dam head, and the height difference is close to 0.5 m. At t = 250 s, the lowest pressure is generated in the dam cross corner and the dam crotch and around the second dam buttress. And at this time, the water depth is about 1.5 m in front of the first dam buttress and 1 m in the dam crotch. At t = 350 s, the lowest pressure is generated mainly around the second dam buttress, and the pressure increases in the dam crotch of the first dam buttress. The water depth increases continuously. The water depth is about 2 m in front of the first dam buttress and 1.5 m in the dam crotch. With the increase in water level, the water pressure changes in different area, and the water depth increases continuously. However, the height difference is almost constant, and the value is close to 0.5 m. Figure 17 shows the flow velocity at each monitoring point during the entire calculation. At monitoring 1, the water flow velocity increases steadily in the upstream face. The water flow varies smoothly in the calculation process, and the maximum flow velocity is close to 1 m/s. At monitoring point 2, since the inlet water level rises and the dam buttress is continuously narrowed, the flow velocity increases gradually and the maximum flow velocity is close to 1.6 m/s. At monitoring point 3, the flow velocity varies greatly. The velocity at this monitoring point rises faster at the early time, the velocity reaches about 2.2 m/s at t=100 s, and then the velocity plummets at t=120 s. The water flow velocity at this monitoring point is affected by the movement dam root stones. With the root stones moving downwards, the flow velocity is restored and gradually increases. And the maximum flow velocity is around 3.0 m/s. Monitoring point 4 is located in the down cross corner. And at monitoring point 4, the flow velocity is small in the beginning. However, because of the root stones movement at t=250 s, the water flow is squeezed between the down cross corner and the root stones, so the flow velocity increases. Monitoring point 5 and monitoring point 6 are located in the connecting dam section. The whirlpool flow causes the water flow velocity to increase in both places. From the velocity variation of monitoring points, the flow velocity at monitoring point 5 is larger from t = 120 s to t = 160 s. And the flow velocity at monitoring point 6 is small at the early time, increases gradually at t = 120 s, and remains stable. According to Figure 17 , the flow velocity changes smoothly in the upstream face and the upper cross corner. But due to the root stones movement, the flow rate changes greatly in the other areas. During the whole process, the flow velocity in the dam head is the largest, followed by the flow velocity in the upper cross corner, and the velocity in the upstream face and the down cross corner is smaller.
. . Flow Field and Stream Lines.

. . Analysis of Pressure and Depth.
. . Analysis of the Monitoring Points Flow Velocity.
. . Analysis of Turbulent Energy. Figure 18 shows the water turbulent flow at different time points. At t = 50 s, there is no obvious generation of turbulent energy in the whole computational area. At t=150 s, there is a slight water flow turbulent kinetic energy in the dam head. After passing through the dam head, the water flow is divided into two parts, and the water vortex generated in the dam crotch causes the water flow to have the turbulent energy. At t = 250 s, the turbulent area continues to expand in the dam crotch. When the water flow is spreading among the root stones in the dam head and the down cross corner, the water flow generates turbulent kinetic energy. At t = 350 s, the water flow generates large turbulent energy in the dam crotch. The water flow has obvious turbulent energy in the down cross corner, and the turbulent areas are the dam crotch and the connecting dam section. During the whole process, there is no obvious turbulence energy in the upstream face. The turbulent energy is obviously generated with the water flow spreading in the dam head and the down cross corner. Because of the current whirlpool, the water flow has larger turbulent energy in the dam crotch. Figure 19 shows the root stones loss at different times. At t = 50 s, part of root stones in the upstream face move and the root stones in the dam head move slightly. After the water flows from the entrance boundary into the river, the water flows directly to the upstream face and collides with the bank slope. The collision water flow causes root stones to move slightly in this area, and the root stones have no obvious movement in the other areas. At t = 150 s, it is obvious to see that the root stones in the upper cross corner and dam head are away from the dam foundation. Combined with Figure 14 of root stones loss in the down cross corner is much smaller than the distance of root stones loss in the upper cross corner and the dam head. During the whole simulation process, the root stones loss is the most serious in the dam head, followed by the root stones loss in the upper cross corner. The root stones are away from the original position in the down cross corner; there is basically no root stones loss in the upstream face. And most of the lost root stones stay around the down cross corner. Because of the action of the water vortex, the root stones in the connecting dam section and the dam crotch move upstream.
. . Analysis of Root Stones Loss.
Conclusions
We established a mathematical model to study the root stones loss characteristics, analyzed the actual dam buttress project based on the FLOW-3D software, and drew the following conclusions: (1) The flow velocity in the dam head is the highest in the whole calculation process. The root stones starting velocity in the dam head is around 2.0 m/s, and the maximum velocity can reach up to 3.6 m/s when the flood happens. The velocity is smaller in the upstream face and the down cross corner, so the water flow has a smaller influence on the root stones. 
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